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Quantum metrology and quantum information necessitate a profound study of suitable states.
Attenuations induced by free-space communication links or fluctuations in the generation of such
states limit the quantum enhancement in possible applications. For this reason we investigate quan-
tum features of mixtures of so-called N00N states propagating in atmospheric channels. First, we
show that noisy N00N states can still yield a phase resolution beyond classical limitations. Second,
we identify entanglement of noisy N00N states after propagation in fluctuating loss channels. To do
so, we apply the partial transposition criterion. Our theoretical analysis formulates explicit bounds
which are indispensable for experimental verification of quantum entanglement and applications in
quantum metrology.
PACS numbers: 03.67.Mn, 42.50.Ex, 42.50.St, 03.67.Hk
I. INTRODUCTION
Quantum mechanics has opened new fields of appli-
cations such as quantum metrology [1, 2], quantum in-
formation science [3], and quantum communication [4].
All these technologies have in common that they employ
nonclassical properties such as entanglement in order to
surpass classical restrictions. In quantum metrology such
a classical limitation is the so-called standard quantum
limit or shot noise limit [1, 2]. It relates the error of the
estimation ∆ϕ of a parameter ϕ, e.g., the phase, with the
energy or the photon number. Employment of classical
strategies leads only to the bound ∆ϕ & 1/√n, where n
denotes the mean photon number. However, using non-
classical states in detection strategies this behavior can
be beaten; cf., e.g., [5–7]. High-precision quantum in-
terferometric measurements allow a resolution up to the
Heisenberg limit ∆ϕ ∼ 1/n [1]. Superior phase estima-
tions are also used to answer open questions in physics,
e.g., gravitational wave detection [8, 9].
One prominent representative of quantum states which
reaches the Heisenberg limit is the two-mode, quantum
entangled N00N state [10]. The name originates from its
expansion in Fock bases:
|ψN 〉 = 1√
2
(|N〉 ⊗ |0〉+ |0〉 ⊗ |N〉) . (1)
N00N states are Bell-like entangled states. Besides the
application in quantum metrology [2] they are also of in-
terest in quantum lithography [10]. By employing N00N
states, a phase supersensitivity – i.e., a phase estimation
better than any classical estimation – in a Mach-Zehnder
interferometer can be achieved. Several strategies to gen-
erate such states have been proposed and experimentally
implemented; see, e.g., [11, 12] and [13, 14], respectively.
In addition to quantum metrology, secure communica-
tion based on quantum key distribution (QKD) is another
∗Electronic address: martin.bohmann@uni-rostock.de
vital topic of current research [4]. Although QKD is al-
ready used commercially, it is still restricted to relatively
small transmission range. In systems using optical fibers
the loss has a typical magnitude of ∼ 0.2 dB/km [15],
which renders it possible to preserve entanglement up to
a ∼ 100 km propagation distance [16–18]. An alternative
approach is the quantum communication through free-
space links. QKD in such links was demonstrated for an
atmospheric channel of 144 km [19, 20] and recent ex-
periments show the feasibility of global communication
via orbiting satellites; see, e.g., [21–23]. It is noteworthy
that the implemented protocols use postselection strate-
gies. In order to benefit from free-space QKD it is cru-
cial to study the turbulent losses occurring within such a
link. The first consistent quantum description of turbu-
lent loss channels was introduced in terms of fluctuating
transmission coefficients [24].
QKD employs entangled states as a resource. One of
the most frequently used methods for determining this
kind of quantum correlation in the bipartite case is for-
mulated in terms of negativity of the partial transposi-
tion (PT) of the density operator. In this way entangle-
ment is tested by transposing one of the involved modes
while leaving the other one unchanged. If this partially
transposed state cannot fulfill the positivity required for
quantum states the considered quantum system is entan-
gled [25, 26].
In this contribution we study mixtures of N00N states
propagating in atmospheric channels. We show that the
superior phase-estimation properties can surpass pertur-
bations within interferometric setups without postselec-
tion. Entanglement is tested by the partial transpose
criterion. In particular, the entanglement properties are
studied in the case of turbulent losses occurring in ur-
ban free-space links. Surprisingly simple conditions are
deduced to infer sub-standard quantum limit behavior of
phase estimation. These conditions may be used to esti-
mate rough bounds to experimentally allowed ranges of
noise to infer such quantum features.
In Sec. II we motivate the generalization from pure
N00N states to noisy ones. We study the phase proper-
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2ties of this class of states within an interferometric setup
in Sec. III. The entanglement and phase properties are
further studied under turbulent loss conditions in Sec. IV.
A summary and conclusions are given in Sec. V.
II. NOISY N00N STATES
In this section we motivate the class of noisy N00N
states as a generalization of ordinary N00N states. Such
a generalization is natural, considering a possible scheme
of generating N00N states. Moreover we consider the
effects of atmospheric channels as a source of turbulent
losses which may alter the correlation properties of the
states under study. Another source of possible imper-
fections is dephasing, which will be investigated subse-
quently. Eventually, we will formulate a general family
of quantum states which are based on mixed N00N states
including all previously considered perturbations.
A. Generation of mixed N00N states
Here we will focus on one previously implemented gen-
eration of N00N states by using coherent and squeezed
vacuum states at the input ports of a symmetric beam
splitter. Such a generation strategy has been studied in
theory [27, 28] and has been successfully applied in exper-
iments [29, 30]. For example, any path entangled N00N
state for any N can in principle be generated in this form
with a fidelity of at least 92% [27]. In the experiments
conducted so far, e.g., [29], this generation strategy was
used in Mach-Zehnder interferometers with the aim of
surpassing the standard quantum limit. Via coincidence
measurements the N -fold super-resolution was demon-
strated for up to N = 5. Analyzing the two mode photon
number statistics of the state in the interferometer, one
observes that the generated state is a mixture of N00N
states rather than a pure single N00N state.
This fact motivates the study of mixed N00N states,
ρˆmixed =
∞∑
N=0
pN |ψN 〉〈ψN | (2)
with pN being a probability distribution of N00N states
|ψN 〉 in Eq. (1). For N = 0 we use the convention
|ψ0〉 = |0, 0〉, which is the two-mode vacuum state. These
mixtures properly describe the experimentally realized
states.
B. Turbulent loss channels
A crucial issue using N00N states is the sensitivity with
regards to loss. One imagines a loss of a photon in one
of the modes–say the second mode. In this case the en-
tangled N00N state (1) reduces to a non-entangled state,
|ψN 〉 7→ |0, N − 1〉. The outcome loses all the rewarding
properties of the N00N state and especially its supersen-
sitivity in phase measurement. Thus it is of great interest
i studying the quantum properties of mixed N00N states
undergoing losses. Note that the influence of noise ef-
fects on metrology scenarios has been studied generally
in Refs. [31–33].
For a single N00N state propagating in a constant loss
channel Λκ,θ, we get
Λκ,θ(|ψN 〉〈ψN |)
=
√
κθ
N
2
[
|N, 0〉〈0, N |+ |0, N〉〈N, 0|
]
+
1
2
N∑
k=0
(
N
k
)[
κk(1− κ)N−k|k, 0〉〈k, 0|
+ θk(1− θ)N−k|0, k〉〈0, k|
]
, (3)
where the transmission coefficients
√
κ and
√
θ describe
the losses, 1−κ and 1−θ, in the first and second subsys-
tems, respectively. Starting from (3) the turbulent N00N
states will be derived, representing attenuated states af-
ter propagation through a fluctuating loss medium.
The turbulent atmosphere differs from standard con-
stant loss channels due to the fact that the transmis-
sion coefficient is not a constant but a random variable.
In this way the description of turbulence is included in
the probability distribution of the transmission coeffi-
cient (PDTC) [24], denoted as P. The density operator
is obtained by averaging the lossy state with an appro-
priate PDTC. In a bipartite system, this process reads
as
ρˆout =
1∫
0
1∫
0
d
√
κ d
√
θP(√κ,
√
θ) Λκ,θ(ρˆin). (4)
In the following we want to focus on the effect of beam
wandering because of its well characterized PDTC [34]
and due to its importance for urban communication links.
It has been demonstrated for this scenario, that the-
ory and experiment show excellent agreement with each
other [35]. For a single spatial-mode, the PDTC can be
expressed as a log-negative Weibull distribution,
P(T ) = 2S
2
σ2ζT
(
2 ln
T0
T
)2
ζ−1
exp
[
− 1
2σ2
S2
(
2 ln
T0
T
)2
ζ
]
,
(5)
for T ∈ [0, T0] and P(T ) = 0 else. The meaning of the
occurring constants are listed in Appendix A. As an ex-
ample of an atmospheric channel we will consider a quan-
tum channel in an urban environment as in experiments
performed in Erlangen [36, 37] and theoretically stud-
ied in [38]. Note that there have also been other ex-
periments performed in this urban quantum free-space
channel regime, e.g., [35, 39, 40].
3In order to describe the state after propagation
through the atmosphere, see Eq. (4), we will now ap-
ply the PDTC model to the lossy N00N state (3). This
can be done in two configurations. First, the two modes
could propagate in different directions yielding a joint
PDTC in terms of independent single mode ones,
P(√κ,
√
θ) = P(√κ)P(
√
θ). (6)
Second, a co-propagation of the field components could
be considered. According to the experiments in Erlangen
we might consider the polarization as the two degrees of
freedom. In this case the two modes undergo the same
turbulence, i.e. the joint PDTC reads as
P(√κ,
√
θ) = P(√κ)δ
(√
κ−
√
θ
)
, (7)
with δ being the Dirac delta distribution.
C. Dephasing and the general state representation
Among other perturbations, dephasing is a harmful in-
fluence on the phase sensitivity of N00N states. A de-
phasing single-mode channel can be described by
ρˆout = Λdeph(ρˆin) =
∫ 2pi
0
dϕ p(ϕ)eiϕnˆρˆine
−iϕnˆ, (8)
for a classical phase distribution p(ϕ) and with nˆ being
the photon number operator. In the case of the N00N
state, we get for the dephasing in one mode
I⊗ Λdeph(|ψN 〉〈ψN |)
=
1
2
[|0, N〉〈0, N |+ |N, 0〉〈N, 0|
+λ|N, 0〉〈0, N |+ λ∗|0, N〉〈N, 0|] , (9)
with λ =
∫ 2pi
0
dϕ p(ϕ)eiϕN . Note that, in general, we have
reduction of coherence, |λ| < 1. Moreover, full decoher-
ence, p(ϕ) = 1/(2pi), yields λ = 0. That is a complete
loss of phase sensitivity and entanglement.
Finally we combine all imperfections considered so far
which yields a very general class of noisy NOON states.
The resulting density matrix in a Fock expansion reads
as
ρˆ =ρ00,00|0, 0〉〈0, 0|
+
∞∑
i=1
[
ρi0,i0|i, 0〉〈i, 0|+ ρ0i,0i|0, i〉〈0, i|
]
+
∞∑
i=1
[
ρi0,0i|i, 0〉〈0, i|+ ρ0i,i0|0, i〉〈i, 0|
]
. (10)
In this form the first line represents the vacuum contribu-
tion to the state being separable and carrying no phase
information. The second line includes the diagonal en-
tries of ρˆ. The last line contains the interferences of the
state. Because ρˆ = ρˆ†, we have ρi0,0i = ρ0i,i0∗. From
the metrology as well as the entanglement point of view,
these terms are those which classify the applicability for
quantum enhanced tasks.
This general form (10) includes mixtures of N00N
states, the propagation effects in turbulent media, and
dephasing. In the following, states of the structure (10)
will be referred to as noisy N00N states. In the remainder
of this contribution we characterize such states in terms
of phase resolution and entanglement.
III. PHASE PROPERTIES OF NOISY N00N
STATES
As we discussed above N00N states are of great interest
due to their sub standard quantum limit behavior in in-
terferometric setups. We will now show that noisy N00N
states can still exhibit this property and give analytical
conditions for its appearance. Therefore we consider the
typically studied measurement that is given by the oper-
ator
AˆM = |0,M〉〈M, 0|+ |M, 0〉〈0,M | , (11)
which can be realized via interference measurements at
the output ports of a Mach-Zehnder interferometer. The
error in phase estimation can be calculated via error
propagation as
∆ϕ =
√
〈(∆AˆM )2〉
d|〈AˆM 〉|
dϕ
. (12)
Computing the expectation values we get a phase-
dependent error
∆ϕ =
1
M
[
ρM0,M0 + ρ0M,0M −
[
2Re(eiϕMρ0M,M0)
]2
[2Im(eiϕMρ0M,M0)]
2
] 1
2
=
fM (ϕ)
M
(13)
This expression still includes the 1/M behavior as ob-
tained for a perfect N00N state. However, we have an
additional phase depends scaling factor fM (ϕ) which also
dependents on M .
Due to the fact that the function fM (ϕ) in (13) de-
pends on both the phase ϕ itself and M given by the ad-
dressed interference term (11) one preserves only certain
intervals in which phase supersensitivity is observable.
Note that especially outside these intervals the phase er-
ror is worse than the standard quantum limit, cf. Fig. 1.
The phase interval in which the standard quantum limit
is surpassed, ∆ϕ < 1/
√
M , can be shown to be deter-
4mined by
1
M
arcsin (ω) < ϕ+
arg(ρ0M,M0)
M
<
pi
M
− 1
M
arcsin (ω) ,
(14)
with ω =
√
ρM0,M0 + ρ0M,0M − 4|ρ0M,M0|2
4|ρ0M,M0|2(M − 1) .
Note that this interval has a pi/M periodicity. In order to
have solutions for the inverse sine function, an additional
condition has to be fulfilled:
|ρ0M,M0|2 > 1
M
ρM0,M0 + ρ0M,0M
4
. (15)
In order to achieve phase supersensitivity for such an
estimation scheme, one needs to have some prior knowl-
edge of the actual phase value. Otherwise the average
estimation procedure performs worse than the standard
quantum limit. This is due to the phase regions violating
Eq. (14), where ∆ϕ exceeds the standard quantum limit;
also see Fig. 1. Nevertheless one can always get some
prior information about ϕ. Here one can imagine two
different scenarios. In the first case one wants to measure
small deviations from a given, known phase value. Then
the prior phase information is precisely this given phase
value and thus it is directly at hand. In the second case,
prior phase information can be obtained by inspecting
the expectation value 〈AˆM 〉 of the observable (11). This
expectation value oscillates with the phase and its roots
coincide with the points of minimal phase estimation er-
ror, in our case an odd multiple of ϕ = pi/M . These
phase points correspond to destructive interference and
thus are experimentally accessible. Note that such an
approach is well known; see, e.g., [41, 42]. In this case, a
small fraction of the available copies of the used state will
be employed to roughly estimate the prior phase value.
Consequently, this procedure consumes a small part of
the resources of the estimation process [43? ]. For a
more general treatment in the global approach, without
a priori phase knowledge, we refer to [44].
A. Mixtures
For mixtures of N00N states in the form (2) the phase
dependency is illustrated in Fig. 1. Here the error in
phase estimation ∆ϕ for M = 2 and for different proba-
bilities pM to realize the Mth N00N state in an ensemble
is displayed. Depending on the value of pM , the standard
quantum limit can be surpassed. In this case Eq. (15) re-
duces to the rather simple expression pM ≥ 1/M . This
is a remarkable result as it directly relates the quantum
fidelity F of mixed N00N states (2) with a N00N state
with M photons. Only if F = pM ≥ 1/M can one ob-
serve a scaling of ∆ϕ below the standard quantum limit,
compare Fig. 1. Note that in the special case pM → 1
one reaches the well known 1/M behavior of the pure
N00N state.
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FIG. 1: (Color online) Here the pi/M -periodic error in phase
estimation ∆ϕ (solid curves) for different mixing coefficients
pM = 0.4, 0.5, and 0.9 (from top to bottom), is shown for
M = 2; see also Eq. (2). The corresponding limits 1/
√
M
(dotted) and 1/M (dashed) are given.
B. Constant loss
Let us emphasize at this point that the example dis-
cussed above considered mixtures of N00N states (2) as
a special case of noisy N00N states (10). Thus phase su-
persensitivity might not be achievable with every noisy
N00N state. Especially for lossy N00N states (3) one
meets additional difficulties. In this case Eq. (13) reads
as
∆ϕ =
1
M
[
1−√κθM cos2(ϕM)
√
κθ
M
sin2(ϕM)
] 1
2
(16)
Here the part fM (ϕ) diverges in the limit of M → ∞
[see Eqs. (16) and (13)], as the denominator of fM (ϕ)
goes to zero in that limit since κ, θ ∈ [0, 1[. How fast
the quantum enhancement vanishes with respect to M
depends on the strength of the loss. We will discuss this
fact later in some detail at the end of Sec. IV C in the
case of atmospheric losses.
For such a constant loss case with equal loss of 5%
in both modes (κ = θ = 0.95) the M -dependency of
the minimal error in phase estimation, ∆ϕmin, is shown
in Fig. 2. One observes that for small values of M
the minimal error follows the ∼ 1/M Heisenberg scal-
ing, starting to deviate from that scaling with increasing
M . When approaching an optimal value of M , given by
M ≈ −2/ log√κθ (here: M = 39), the error decreases
with increasing M . Beyond this point the error increases
with larger M , exceeds the standard quantum limit at
M = 88 and diverges in the limit of M → ∞. However,
∆ϕmin is shown in the region below M = 39 and espe-
cially for M < 10, which is in reach of today’s technology,
a remarkable scaling close to the Heisenberg limit. Hence,
a significant improvement with respect to the standard
5quantum limit can be observed.
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FIG. 2: (Color online) The minimal error ∆ϕmin in phase
estimation is displayed over M (blue chart) for a noisy N00N
state (NNS) with constant loss of 5% in both modes (κ = θ =
0.95) . Additionally, the 1/M Heisenberg limit (HL) scaling
and the 1/
√
M standard quantum limit (SQL) are shown.
For small values of M , ∆ϕmin follows the 1/M scaling. With
increasing M , the error exceeds the HL but still beats the
SQL. Eventually, the NNS curve exceeds the SQL at M = 88.
This behavior is consistent with the results given in
Ref. [45], where the estimation precision in the presence
of decoherence has been studied in a universal manner.
By optimization over all possible states it has been shown
that the improvement in the phase error in dependence
on M asymptotically flattens to a constant factor in the
presence of loss. Thus the quantum states considered
in the present work are not optimal. Nevertheless, an
advantageous scaling is obtained for small M values for
the considered class of noisy N00N states.
C. Dephasing
Second we will study the influence of dephasing on
the error in phase resolution. Therefore we will consider
a pure N00N state undergoing dephasing [see Eq. (9)],
modeled by a wrapped Gaussian phase distribution in
the form
p(ϕ) =
∑
k∈Z
1√
2piδ2
exp
[
− (ϕ− ϕ0 + 2kpi)
2
2δ2
]
, (17)
where δ controls the strength of the noise. Such a phase
noise distribution has already been studied in the context
of entanglement in Ref. [46]. When this is applied to a
N00N state, we get
λ =
2pi∫
0
dϕ
∑
k∈Z
1√
2piδ2
exp
[
− (ϕ− ϕ0 + 2kpi)
2
2δ2
]
eiϕN
(18)
= eiϕ0Ne−
δ2N2
2 ,
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FIG. 3: (Color online) The error in phase estimation ∆ϕmin
(solid) for a N00N state with N = 3 undergoing Gaussian
phase noise is plotted in dependence on the noise width pa-
rameter δ. Additionally the corresponding standard quantum
limit and Heisenberg limit are displayed (dotted and dashed,
respectively). Even if we have phase noise of δ = 0.1pi, we
observe sub-standard-quantum-limit behavior.
cf. Eq. (9). The dependency of the error in phase esti-
mation on the noise parameter δ is shown in Fig. 3. One
directly observes that ∆ϕmin increases from the Heisen-
berg limit, corresponding to δ → 0, with increasing δ and
even becomes worse than the standard quantum limit for
|λ|2 > 1/M , corresponding to
δ > log(M)/M, (19)
cf. Eq. (15). Note that for the limit δ → ∞, the dis-
tribution (17) is a uniform distribution, in such a case
∆ϕ→∞ and it is impossible to determine the phase at
all. Consequently, the bound (19) limits the experimen-
tally allowed amount of Gaussian phase noise.
IV. APPLICATION: MIXED N00N STATES
AND PROPAGATION IN TURBULENT MEDIA
Here we will study the entanglement and phase prop-
erties of mixed N00N states and N00N states after prop-
agating in a turbulent quantum free-space link. In
Sec. II B we described the model of the turbulent at-
mosphere focusing on the case of beam wandering in an
urban environment. As an entanglement probe we will
use the PT criterion.
A. Partial transposition entanglement criterion
In this section we will briefly explain the PT entangle-
ment criterion [25, 26]. A bipartite state is entangled if
it is not positive semidefinite after transposition of one
mode. In this case it fails to be a density operator. The
6PT acts on the quantum state,
ρˆ =
∑
ijkl
pijkl|i〉〈j| ⊗ |k〉〈l| (20)
as
ρˆPT =
∑
ijkl
pijkl|i〉〈j| ⊗ |l〉〈k|. (21)
If the state under study is negative under PT, ρˆPT < 0, it
has a minimal negative eigenvalue τ with a corresponding
eigenvector |τ〉. That is,
〈τ |ρˆPT|τ〉 = τ < 0, (22)
or, equivalently,
tr(ρˆPT|τ〉〈τ |) = tr(ρˆ[|τ〉〈τ |]PT) < 0. (23)
The negativity of τ is sufficient to verify entanglement.
This method will be used to identify entanglement for
the following scenarios.
B. Influence of mixing with vacuum noise
As a first example we aim to study both, entanglement
and phase supersensitivity, under the influence of mixing.
Therefore we study a mixture of a N00N and a vacuum
state in the form
ρˆp = (1− p)|0, 0〉〈0, 0|+ p|ψN 〉〈ψN |, (24)
with p ∈ [0, 1] and |ψN 〉 being a N00N state (1) with
N > 0. The parameter p controls the purity of this state
with respect to an ideal N00N state. The mixture of a
pure N00N state with vacuum is of particular interest,
as it describes the transition from the N00N state to a
phase-independent separable one.
For this state one can apply the PT test and obtains
that the state is entangled for all p except p = 0, cor-
responding to the vacuum state. Explicitly the minimal
eigenvalue is
τ =
1− p−√(1− p)2 + p2
2
, (25)
with τ < 0 ∀p ∈]0, 1].
In Fig. 4 this fact is illustrated in dependence on the mix-
ing parameter p. This result shows that the entanglement
property of the N00N state is very robust against mixing.
Phase supersensitivity occurs for p > 0.25; see Fig. 4.
However, in this case the bound, the standard quan-
tum limit, and the minimal phase error, ∆ϕmin =
min{fN (ϕ)/N} [cf. Eq. (13)] depend on the photon num-
ber N of the N00N state. In general the p-interval for
which phase supersensitivity exists for the state (24) in-
creases with increasing N . PT entanglement is shown to
be present for every p > 0 in Fig. 4.
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FIG. 4: (Color online) Properties of the mixture (24) of a
N00N state with vacuum, for N = 4, are shown in dependence
on the noise parameter p. The minimal eigenvalue τ (dashed)
[see Eq. (25)] of the partial transposed state and the minimal
phase error ∆ϕmin (dash-dotted) [see Eq. (13)] for M = 4,
are depicted on the left and right ordinates, respectively. The
state is entangled if τ < 0, which is true for all nonzero p.
Phase supersensitivity is achieved if the curve ∆ϕmin is below
the standard quantum limit of 1/
√
4 = 0.5 (dotted line).
C. Influence of turbulence
Now we will focus on the influence of turbulent losses
on an initially pure N00N state. In particular we want
to examine the entanglement properties of a N00N state
including imperfections due to atmospheric beam wan-
dering; see Sec. II B. Depending on the propagation dis-
tance, we study the properties of N00N states in urban
quantum free-space links for the parameters W0 = 0.98
mm, Cn = 10
−17 m−2/3, and a = W (see also Appendix
A). The choice of parameters is done according to the
experimental realization in [36, 37]. This set of param-
eters corresponds to a mean transmission coefficient of
T ≈ 0.843 at a distance of 200 m within one mode.
For the entanglement verification, we again will apply
the partial transposition criterion and consider its cor-
responding smallest eigenvalue τ in dependence on the
propagation distance.
In Fig. 5 this entanglement test is displayed for N = 2
in the counterpropagation and copropagating cases [see
Eqs. (6) and (7), respectively]. Its dependency on d, the
distance between the two receivers and the sender and
receiver for counter and copropagation, respectively, is
shown. Here one sees that entanglement of N00N states
can survive in such an urban link and entanglement can
be transferred up to a distance of about 4000 m. In
principle the entanglement test would identify entangle-
ment for any propagation distance; however the PDTC
model used would not hold true for significantly larger
distances. Note that other PDTC models, which would
describe such other atmospheric scenarios, are not known
yet and are subject of current research. Additionally it
is important to stress that typically applied postselection
protocols may improve the range of successful entangle-
7ment propagation significantly; see, e.g., the approaches
in Refs. [19, 20, 34, 47].
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FIG. 5: (Color online) The entanglement test is shown for
a turbulent N00N state with N = 2 for copropagation (left
curve) and counterpropagation (right curve). The minimal
eigenvalue τ is displayed in dependence on d, representing the
distance between sender and receiver (left curve) and the dis-
tance between the two receivers (right curve). Entanglement
can be preserved in such a turbulent environment, without
any postselection over distances of about 2000 m and 4000 m
for the co and counterpropagation, respectively.
A substandard quantum limit behavior of phase esti-
mation cannot be observed for the distances d in Fig. 5,
since phase super-sensitivity of noisy N00N states is ob-
tained only if the matrix entries ρ0N,N0 are large enough
[see Eq. (15)]. However, they scale with the 2Nth mo-
ment of the corresponding PDTC distribution. More gen-
erally, each interference term after an atmospheric chan-
nel is rescaled with
1∫
0
1∫
0
d
√
κ d
√
θP(√κ,
√
θ)
√
κθ
N
, (26)
see Eqs. (3) and (4). Since κ, θ ≤ 1, we get a decreasing
interference term for increasing N and for every PDTC–
P(√κ,√θ) – except in the ideal case of no loss, i.e.,
P(√κ,√θ) = δ(√κ− 1)δ(√θ − 1).
Let us stress again that the coherences ρ0N,N0 are cru-
cial for determining both the phase supersensitivity and
the entanglement. On the one hand, a small value of N
might be preferable in some quantum communication sce-
narios in turbulent media. On the other hand, a large N
value is favorable in the non-perturbed case. Hence, the
present method can be used to predict an optimal choice
of N conditioned on the actual turbulence properties of
a free-space link. This example also demonstrates that
entanglement of N00N states tolerates turbulent losses
better than its phase supersensitivity property.
V. SUMMARY AND CONCLUSIONS
Motivated by the stochastic generation of N00N states
and by imperfections such as losses and dephasing, we
introduced a generalized class of noisy N00N states. For
this class of states conditions for sub-standard quantum
limit behavior in a Mach-Zehnder interferometer have
been studied depending on certain perturbations of N00N
states. In particular, the influence of dephasing on phase
supersensitivity has been considered.
The propagation of noisy N00N states in atmospheric
links–described as fluctuating loss channels–has been in-
vestigated. Here we could identify, for the effect of beam
wandering, certain regions of turbulence which partly
preserve the phase supersensitivity of the perfect N00N
states. Applying the partial transposition condition, we
could certify that entanglement is preserved in an urban
quantum free-space link.
In conclusion, our approach allows the verification of
quantum properties of light in highly perturbed systems.
The described methods yield lower bounds for the sur-
vival of quantum features after propagation in free-space
communication links. The bounds might be enhanced
by employing postselection strategies. Our technique
yields a useful tool for experimentalists to predict the
preservation or loss of quantum correlations in terms
of entanglement and phase supersensitivity. Hence, the
outlined method opens the possibility of employing per-
turbed quantum states in authentic applications, such as
high precision measurements in quantum metrology and
quantum key distribution for secure quantum communi-
cation.
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Appendix A: Parameters of the atmosphere
In Eq. (5) the log-negative Weibull distribution was
given which describes the PDTC of beam wandering.
8The needed parameters are [34]
W =W0
√
1 +
(
zλ
piW 20
)2
(A1)
T 20 = 1− exp
[
−2 a
2
W 2
]
, (A2)
ζ = 8
a2
W 2
exp
[
−4 a2W 2
]
I1
(
4 a
2
W 2
)
1− exp [−4 a2W 2 ] I0 (4 a2W 2 )
×
[
ln
(
2T 20
1− exp [−4 a2W 2 ] I0 (4 a2W 2 )
)]−1
, (A3)
S = a
[
ln
(
2T 20
1− exp [−4 a2W 2 ] I0 (4 a2W 2 )
)]− 1ζ
(A4)
and
σ2 ≈1.919C2nz3(2W0)−
1
3 . (A5)
The meaning of the remaining parameters are listed in
Table I.
TABLE I: Coefficients of the PDTC.
Symbol Meaning
W beam-spot radius at the aperture
W0 beam-spot radius at the radiation source
a aperture radius of the detector
z distance between radiation source and detector
S scale parameter
ζ shape parameter
σ2 variance of the beam-center position
C2n index of refraction structure constant
λ wavelength
In nth modified Bessel function
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